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Figure 1: Overview of the N-ary Gaussian Model. (a) Generating forms for each Gaussian component by mapping task attributes
to functional forms. (b) Selecting the optimal overall model using the Bayesian Information Criterion (BIC), balancing model
complexity and accuracy. (c) Reducing model complexity by filtering out low-impact terms while retaining key terms, ensuring

simplicity without sacrificing predictive power.

Abstract

This paper presents an N-ary Gaussian Model for predicting end-
point distributions in pointing tasks across task scenarios. Built on
the foundational principles of the Ternary Gaussian model series,
our model framework allows researchers to define parameter con-
straints and automatically refine model combinations, eliminating
the need for predefined equations based on data analysis. We utilize
the Bayesian Information Criterion (BIC) for model selection, ensur-
ing simplicity while maintaining predictive accuracy. We conducted
a comparative analysis against published baselines across 7 diverse
datasets, covering 1D, 2D, and 3D tasks, different input modalities,
different display devices, and time-constrained scenarios, demon-
strating the robustness and generalization of the N-ary Gaussian
Model. The N-ary Gaussion model offers an automated solution for
modeling pointing uncertainty, and also incorporates cross output
device, input modality, and temporal constraint factors into spatial
pointing uncertainty modeling for the first time.

CCS Concepts

« Human-centered computing — HCI theory, concepts and
models.
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1 Introduction

Human-computer interaction (HCI) relies on a wide range of in-
teraction techniques that enable users to operate digital systems
effectively. These techniques serve as the foundation for tasks rang-
ing from everyday smartphone use to complex immersive applica-
tions. Among them, target selection tasks are a fundamental form
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of interaction in HCI, and play a critical role across diverse interac-
tive systems, including mobile devices [47], desktop applications
[29], and games [15]. These tasks, such as button clicking [45],
tracking moving objects in video surveillance systems [27], and
quickly targeting in first-person shooter (FPS) games [9], are influ-
enced by multiple factors, including target size [6], velocity [26],
and time urgency [51]. Understanding the factors that influence
pointing uncertainty—how endpoint distributions change when
users repeatedly select a target—can help predict key performance
metrics like selection error rate (ER) [26, 27] and movement time
(MT) [5, 65], which are crucial for assessing user performance. De-
spite the prevalence of target selection tasks, current research lacks
a comprehensive model that integrates the diverse influences of
these factors on endpoint distribution across different task settings.
Developing such a model would provide valuable insights into user
behavior and performance, allowing for more accurate predictions
of outcomes in various scenarios.

Existing endpoint distribution models in HCI can be broadly
categorized into two types: black-box models [39] and white-box
models [27]. Black-box models often lack interpretability, making it
challenging to understand the underlying mechanisms influencing
endpoint distributions. Moreover, these models can be computa-
tionally intensive and typically require large amounts of data to
achieve high accuracy [13], which limits their practicality in many
HCI applications. In contrast, white-box models are widely used
in HCI because of their interpretability and transparency. Among
white-box models, regression models allow for detailed examination
against both practical and theoretical assumptions, making them
highly valuable in research and application [44]. They enable rapid
computation of predictions, which is advantageous for real-time
applications like adaptive interfaces and interface optimization [44].
However, building these models often involves significant limita-
tions, such as prolonged modeling cycles that typically start with
extensive data analysis to formulate hypotheses [27], followed by
constructing the model and validating its performance. This itera-
tive process can be time-consuming and resource-intensive, espe-
cially when each stage requires careful adjustment and fine-tuning
to ensure the model’s generalizability across various conditions.

This paper aims to develop an easily extendable automated re-
gression model that does not require manual predefinition of its
form when introducing new factors. Building such an automated
model for endpoint distribution faces three primary challenges:
1) Establish a robust framework that underpins the model. The
framework must accommodate varying conditions and also be ca-
pable of capturing the common characteristics of user behavior
across diverse scenarios, providing a comprehensive view of end-
point behaviors. 2) While adding more parameters can improve a
model’s predictive power, it often increases complexity and dimin-
ishes simplicity. Therefore, it is crucial to balance complexity and
parsimony by focusing on parameters that significantly enhance
performance and excluding those that do not contribute meaning-
fully. 3) Beyond reflecting positive and negative effects through


https://doi.org/10.1145/3772318.3791672
https://doi.org/10.1145/3772318.3791672
https://creativecommons.org/licenses/by/4.0
https://creativecommons.org/licenses/by/4.0
https://doi.org/10.1145/3772318.3791672

N-ary Gaussian Model

its structure, a model should provide insights into how each task
parameter contributes to pointing uncertainty.

To address these challenges, we propose the N-ary Gaussian
Model to describe endpoint distributions in generalizable target
selection tasks. The N-ary Gaussian Model is built upon the multi-
Gaussian framework established by a series of prior works (e.g.,
Dual and Ternary Gaussian models [6, 27]), which represent point-
ing uncertainty as a sum of multiple Gaussian components. Each
Gaussian component corresponds to a specific task attribute (e.g.,
target size or speed), allowing the framework to provide clear ex-
planatory insights into how different task attributes jointly influ-
ence user performance. However, similar to other white-box models,
constructing models within this framework is constrained by the
need for extensive task analysis conducted by domain experts. Our
approach address this limitation by automatically generating and
optimizing mathematical expressions related to task attribute. The
overview of the N-ary Gaussian Model is shown in Fig. 1. The
N-ary Gaussian Model first generates mathematical expressions
to represents effects of any potential task attribute (Fig. 1 (a)). To
navigate the trade-off between model complexity and performance,
we adopt a dual selection strategy using the Bayesian Information
Criterion (BIC) [53] and Shapley value analysis [57] (Fig. 1 (b) (c)).
BIC penalizes over-parameterization, while Shapley values quantify
the contribution of each term, enabling both model simplification
and interoperability. For evaluation, we compared the generated
models to those reported in the HCI literature. The datasets var-
ied across several dimensions, including transitioning from 1D,
2D to 3D spaces, static to dynamic, and even spatial-temporal tar-
get selection. Additionally, partial datasets accounted for various
factors, such as different input methods and display devices. Our
method outperformed baseline models on 7 datasets, with an av-
erage reduction of 28.759% in Mean Wasserstein Distance (MWD),
and demonstrated comparable performance in the remaining cases.
Beyond these performance improvements, our framework enables
researchers and designers to explore the modelability of new task
attributes and assess their impact on user performance. Importantly,
the approach retains interpretability while yielding actionable in-
sights for predicting error rates and guiding UI design. Rather than
replacing existing models, our approach offers a systematic, exten-
sible, and accessible alternative for exploring and refining modeling
spaces in HCI research.

In summary, our key contributions include:

« We propose the N-ary Gaussian Model, a pipeline that automates
endpoint distribution modeling through structure search and joint
selection using BIC and Shapley values, reducing reliance on man-
ual model design.

» We validate the model across 7 diverse datasets, covering 1D, 2D,
and 3D tasks, different input modalities, different display devices,
and time-constrained scenarios. Results show that our model out-
performs white-box baselines and achieves competitive accuracy
to black-box models with significantly fewer parameters.

« Across 7 diverse datasets, we summarize the findings of the N-
ary Gaussian pipeline, which capture the influence of output dis-
play (PPI), input modality (DHR), and temporal constraints (t)
on pointing uncertainty, and we further illustrate the extensibility
and potential application of the model across diverse interaction
scenarios.
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2 Related Work

This section reviews related work and summarizes them into three
categories: models for target selection, multi-Gaussian models, and
automated modeling attempts in HCIL.

2.1 Models for Target Selection

Fitts’ Law is one of the most widely used probabilistic models in
HCI for predicting human performance in pointing and selection
tasks [41, 46]. The law quantifies and predicts movement time (MT)
by considering two key parameters: the width of the target and the
distance between the starting position and the target, effectively
modeling the difficulty of selecting a target [33, 52]. It has been rig-
orously evaluated and validated across various task types [68] and
input devices [20, 28, 49, 52], demonstrating its extensive applica-
bility in diverse environments and interaction contexts. Although
Fitts’ Law provides valuable insights into user behavior during
target selection, it falls short of accurately predicting selection
accuracy and efficiency, particularly under varying conditions of
endpoint uncertainty. Research into selection uncertainty has fo-
cused largely on the form and distribution of endpoints. Wobbrock
et al. distinguished between constant errors, defined as the aver-
age distance from the touchpoint to the target center, and variable
errors, which describe the spread or deviation of hits around the
target [60]. Building on the parameters of Fitts’ Law, they devel-
oped a model that accurately predicts error rates for pointing tasks
involving both one-dimensional [58] and two-dimensional targets
[7]. Similarly, the concept of endpoint distribution has been adapted
into Fitts’ Law by substituting target width with effective width, a
metric derived from the mean and standard deviation of the end-
point distribution [50]. This modification enhances the model’s
ability to account for the variability inherent in human motor per-
formance, offering a more nuanced approach to predicting user
errors in selection tasks. Besides task-level models like Fitts’ law,
control theory-based models [24, 42] can offer a dynamic, closed-
loop perspective to model and predict human pointing behavior,
integrating system states, feedback mechanisms, and control ob-
jectives, thereby enabling a deeper understanding of interaction
dynamics and informing design improvements.

In previous work on selecting moving targets, efforts have been
made through modeling to predict selection time and error rates
to better understand the difficulty and uncertainty associated with
selecting moving targets. Jagacinski et al. [31] and Hoffmann [22]
extended the original Fitts’ Law to explore the relationship between
velocity and the index of selection difficulty, introducing steady-
state position error as a critical factor. Based on this, they further
proposed models to predict movement time (MT) when selecting
moving targets, thereby enhancing the foundational understand-
ing of dynamic target acquisition processes. Complementing this,
Huang et al. approached the problem from the perspective of error
rate prediction, modeling endpoint uncertainty and developing one-
dimensional and two-dimensional target selection models as well as
crossing models for moving targets, which accurately predict error
rates during the selection of moving targets [25-27]. Additionally,
Lee et al. proposed a model for predicting error rates in selecting
moving objects under delay conditions and suggested a method
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to compensate for the effects of delay by adjusting the geomet-
ric size of the target [37], further enriching the understanding of
delay factors. Extensive research has also explored the modeling
of selecting moving targets using mice and controller joysticks,
revealing the performance and adaptability of these input devices
in dynamic environments [14-16]. Collectively, these studies con-
sistently demonstrate that, compared to static targets, the difficulty
and error rates associated with selecting moving targets are signifi-
cantly higher [21, 30]. This increase in difficulty and error rate is
significantly influenced by target width and velocity, highlighting
the crucial role these parameters play in the overall complexity of
the task [18]. Notably, the initial distance between the cursor and
the target has a markedly reduced impact across various dimen-
sions, suggesting that initial positioning may have a lesser effect
on performance than previously assumed. Furthermore, in input
modalities such as mice and styluses, movement time and aiming
precision are often considered secondary factors in the context of
selecting moving targets, indicating that the dynamic nature of the
task may overshadow these influences [26, 31]. These findings not
only deepen our understanding of the selection process in dynamic
environments but also provide a solid theoretical foundation for
developing more precise predictive models, emphasizing the com-
plex interplay between movement, target characteristics, and user
input methods.

2.2 Multi-Gaussian Model

Our work is inspired by studies done on the multi-Gaussian models.
The concept of using the sum of Multi-Gaussian components to
represent the influences of various factors on endpoints was first
introduced by Bi et al. in 2013. They developed this approach to
model the endpoints of target selection with finger touch on smart-
phones [5, 6]. Their work proposed a dual Gaussian distribution
hypothesis to explain the distribution patterns of endpoints for
finger-based input. However, as HCI application scenarios became
more complex, especially with the introduction of dynamic tar-
get selection, traditional models showed limitations in handling
more intricate dynamic scenarios. To address this, Huang et al. [26]
proposed a ternary Gaussian model, which incorporates motion
and target size to account for motion uncertainty and explains the
endpoint uncertainty in one-dimensional moving targets.
Building on the one-dimensional ternary Gaussian model, Huang
et al. [27] proposed a two-dimensional ternary Gaussian model for
2D moving target selection tasks. This model aligns the x-axis
with the target movement direction and the y-axis perpendicular
to it, modeling endpoints separately on each axis. It extends the
ternary Gaussian model to 2D space and offers insights for future
research on 2D target selection. With the rise of new input methods
such as pen, finger, and mid-air gestures [2, 40, 56, 63], crossing-
based selection has gained attention for its natural adaptation to
these methods and potential to improve user performance. Unlike
pointing tasks, crossing-based selection involves crossing target
boundaries. In such tasks, the influence of target movement di-
rection on user selection cannot be ignored. To address this, and
build upon the evolving use of Gaussian models, Huang et al. [25]
introduced a quaternary Gaussian model that incorporates target
movement direction to better quantify endpoint uncertainty. This
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model represents a significant step in extending Gaussian-based
approaches to more dynamically complex selection tasks. Building
on the previous exploration of Gaussian-based models for endpoint
uncertainty in dynamic target selection, further research has also
examined the impact of target shape. Grossman and Balakrish-
nan [19] developed a probabilistic model to investigate how target
shape affects static target pointing performance, demonstrating a
significant influence. Extending this to dynamic scenarios, Zhang
et al. [69] introduced a method that combines a ternary Gaussian
model with a Gaussian Mixture Model (GMM) to model the effect of
target shape on endpoint uncertainty for moving targets. While this
model improved fitting accuracy compared to earlier approaches, it
required shape-specific training and did not account for the effects
of target movement direction. To address these limitations, Zhang
et al. [66] introduced a new model based on a dual Gaussian hypoth-
esis. This model utilizes a Dual Decomposition (DUDE) algorithm
to decompose target shapes and generate endpoint distributions
using a simplified rectangular structure.

Considering tasks that involve both spatial and temporal con-
straints, such as timing a swing to hit a moving ball in tennis, Huang
and Lee [23] combined a spatial ternary Gaussian model with a tem-
poral model to predict error rates in spatial-temporal tasks. Their
experimental setup demonstrated the model’s ability to handle
tasks with time constraints effectively. Building upon these studies,
Adrian L. et al. [51] proposed a dynamic spatial-temporal model
for aiming tasks, incorporating elements from both 1D/2D ternary
Gaussian models and Lee et al.s work [35] on integrating different
types of temporal cues for reliable task estimation. This combined
approach significantly improves prediction accuracy for user per-
formance in complex tasks involving both spatial and temporal
dynamics. However, in these spatial-temporal target selection tasks,
researchers typically model time and space separately, without in-
tegrating the temporal effects into endpoint distribution models.
This separation overlooks the potential interactions between time
constraints and spatial accuracy, which may play a critical role
in influencing user behavior under complex task conditions. By
failing to incorporate temporal factors into the spatial distribution
framework, these models may lack the capacity to fully capture
the nuances of user performance in tasks where both spatial and
temporal elements are intertwined.

2.3 Automated Modeling Attempts in HCI

In the pursuit of automated modeling techniques, researchers have
long aimed to develop approaches capable of explaining and model-
ing user performance across diverse interaction tasks using a unified
model form. In the field of HCI, Oulasvirta et al. [44] introduced an
automated nonlinear regression method to model target selection
times, grounded in Fitts’ law. This method predefines the functional
relationship between task and time, using a stochastic local search
to iteratively construct the model. By defining constraints rather
than equations, this approach provides flexibility in identifying the
optimal model form without manual intervention. This automated
modeling method has proven effective in improving model fit in
seven out of 11 cases and directly inspired the work in this paper.
We extend this approach to focus on endpoint distribution, aiming
to build an automated modeling tool that captures the nuances of
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user-pointing behavior across diverse scenarios. In addition, Zhang
et al. [67] proposed a model based on artificial potential fields for
trajectory-based target selection tasks, adaptable to various path
constraints. Their approach demonstrated high predictive accuracy
for movement time, average trajectory, and movement uncertainty.

Additionally, the increasing use of Partially Observable Markov
Decision Processes (POMDP) and Reinforcement Learning (RL) for
simulating human behavior in interactive systems reflects a grow-
ing interest in task generalization [39]. These models are often
employed to simulate decision-making under uncertainty, a key
characteristic of human interaction tasks. For example, studies have
applied POMDP and RL frameworks to model complex tasks such
as menu selection [11], visual search [12], typing [32], pointing
[10], and drawing [54]. These models excel at adapting to various
task conditions and learning optimal strategies for user interaction.
While powerful, these approaches are often opaque, requiring sig-
nificant computational resources and interpretability trade-offs. To
balance interpretability and performance, it is often necessary to in-
corporate domain knowledge into these models by formalizing key
patterns or behaviors and embedding them within black-box frame-
works [39]. However, such efforts require substantial expertise and
understanding of the task domain, as well as careful consideration
of how best to formalize these insights within the model.

3 N-ary Gaussian Model

We propose the N-ary Gaussian Model, to enable flexible and auto-
mated modeling of endpoint distributions in pointing tasks across
scenarios. As mentioned earlier, the N-ary Gaussian Model is built
upon the multi-Gaussian framework, which represents pointing
uncertainty as a sum of multiple Gaussian components. By asso-
ciating each Gaussian component with a specific task attribute,
the framework can model both the pointing uncertainty related to
each attribute and the combined influence of these attributes on
the overall pointing uncertainty. While it retains the core idea of
the multi-Gaussian framework, the N-ary Gaussian Model further
introduces methods to generate and optimize the form and com-
bination of the Gaussian components, allowing the final model of
pointing uncertainty to be derived automatically.

This section begins by introducing the multi-Gaussian frame-
work (Fig. 2), followed by the description of the other three compo-
nents of the N-ary Gaussian Model that enable automated modeling:
Gaussian components automatic generator (Fig. 2 (a)), BIC-based
model selection (Fig. 2 (b)), and low-contribution term filter (Fig. 2

©))-

3.1 Multi-Gaussian Framework

The multi-Gaussian framework emerged gradually as HCI re-
searchers advanced modeling uncertainty in pointing tasks. Among
the earliest works are the Dual Gaussian [6] and the subsequent
series of Ternary Gaussian models [25-27]. The core idea of the
multi-Gaussian framework is using the sum of multiple Gaussian
components to represent influences of different factors on end-
points. This idea is first introduced by Bi et. al. in 2013 to model
target selection endpoints with finger touch in smart phone [6].
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They assumes that the endpoints of a 1D target selection task ! is a
random variable X following a normal distribution, and that X is
the sum of two normally distributed random variables associated
with absolute pointing precision X, and target size X;. Since both
components are Gaussian random variables, their sum is also a
Gaussian random variable:

X =X +X; ~ N(p,6%) (1)

Building on this concept, Huang et al. introduced the Ternary-

Gaussian Model [26] to model pointing uncertainty for moving

targets, by incorporating an additional Gaussian component X, to
represent pointing uncertainty corresponding to target motion:

X =Xq+Xm +Xs ~ N(p,0%) ()

Similarly, if we assume there are N factors (or task attributes)
that may influence pointing uncertainty, such as shown in Fig. 3,
we can use the sum of N Gaussian components to represent the N
factors and formulate the overall pointing uncertainty as follows:

X = 3L, Xi ~ N(p.0?), 3)
where X represents the random variable of the location of the
endpoints, and it is the sum of n normally distributed random vari-
ables (i.e., Gaussian components) associated with different factors
that could potentially affect the overall endpoint distribution (All
endpoints were transformed into a local velocity coordinate system,
with the transformation process detailed in the Appendix). Since all
the n Gaussian components are Gaussian random variables, their
sum X is also a Gaussian random variable.

As the output endpoint distribution of the multi-Gaussian frame-
work is also Gaussian distribution, thus it is determined by the
two Gaussian parameters of 1 and o. According to the theorem
on the sum of Gaussian random variables, Gaussian parameter y
can be obtained by having the sum of the means of each Gaussian
component y;:

p= Xk pi )
And ¢? is the sum of the variances of each component O'iz, if the
components are independent:
2
o =3, 0]
or (5)

0= 2L o},

otherwise, ¢ is influenced by the covariances between non-
independent components:

2

2 _yn 2
o=, 00+

Z COU(X,',XJ')

1<i<j<n
or (6)
o= \/z:;la,h S Cou(X:X;),

1<i<j<n

where, X; and X are pairs of non-independent components.

!For ease of understanding, we will continue to use 1D static target selection task to
introduce this framework in the following chapters.
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Figure 2: Workflow of the N-ary Gaussian Model. Three components were incorporated into the multi-Gaussian framework to
enable the modeling of pointing tasks with any given N task attributes: (a) model term generation, where task attributes are
mapped to Gaussian components and instantiated as specific terms; (b) parameter estimation and optimal model selection via
BIC, which exhaustively evaluates candidate combinations of terms and retains the one with the lowest BIC; and (c) complexity
reduction, where Shapley values quantify each term’s contribution and low-contribution terms are filtered to yield a compact

endpoint distribution model.

R
(a) 7N 2 s

Figure 3: A visual representation of the cumulative impact of
individual Gaussian components on the total random vari-
able. (a) illustrates the cumulative effect on the mean (y) of
the total random variable. (b) focuses on the cumulative ef-
fect on the variability (o).

We now elucidate the physical interpretation of the multi-
Gaussian framework. The distribution of endpoints described by
the multi-Gaussian framework is a random variable composed of
the sum of n Gaussian components. Because the endpoints are de-
termined as locations in a coordinate system centered on the target,
the mean of the total random variable can be considered as the
result of the bias produced by each Gaussian component on the
endpoint distribution center, while the variability is the sum of the
variabilities of each Gaussian component. Fig. 3 provides a visual
representation of the cumulative impact of individual Gaussian
components on the total random variable. Fig. 3 (a) illustrates the
cumulative on the mean (u), showing how the bias introduced by
each Gaussian component shifts the center of the endpoint distri-
bution. On the other hand, Fig. 3 (b) demonstrates the cumulative
impact on the variability (o), depicting how the individual vari-
abilities from each Gaussian component combine to influence the
overall distribution’s spread.

Building on the multi-Gaussian framework for 1D target selec-
tion, we can extend it to 2D/3D target selection by applying the
same formulation independently along each coordinate axis. For
instance, the p and ¥ of the 2D N-ary Gaussian can be written as

u= [,ux,,uy]T, and ¥ = diag[ox, oy].

Note that the multi-Gaussian framework only specifies the com-
bination method of the Gaussian components (i.e., the sum of Gauss-
ian random variables) without defining the number of random vari-
ables or their expressions (i.e., functions of y; and o;). Therefore,
when using the multi-Gaussian framework to address a specific
problem, a set of methods—referred to as the automated multi-
Gaussian modeling pipeline—is needed to select the appropriate
Gaussian components for the model and determine the expression
for each component, including any potential correlation coefficients
between the components.

Specifically, the automated multi-Gaussian modeling pipeline
consists of three steps: 1) Generating specific terms for each Gauss-
ian component and the resulting overall models: deriving functional
terms for each attribute and performing linear regression to esti-
mate model parameters (Fig. 2 (a)); 2) Selecting the optimal overall
model: applying the Bayesian Information Criterion (BIC) to select
the optimal model form, balancing fit and complexity (Fig. 2 (b));
3) Reducing the complexity of the optimal model: removing terms
with minimal impact to simplify the model while retaining key
terms(Fig. 2 (c)). We introduce these three steps in the following
sections.

3.2 Gaussian Components Automatic Generator

The Gaussian Components Automatic Generator establishes a map-
ping from task attributes to Gaussian component parameters. Multi-
Gaussian models generally assume that a certain Gaussian compo-
nent corresponds to a specific task attribute. For example, the size
component X,, corresponds to target width W, and the velocity
component X, corresponds to target velocity V [26]. In this work,
for a Gaussian component Xj corresponding to a task attribute att;,
we define the parameters y; and o; of the Gaussian component as:

pi = f(att;)
o = g(att;),

where f and g represent the mappings of a task attribute to  and
o of a Gaussian component. There are several common methods

@)
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Table 1: The operations that map a task attribute to p and ¢
of a Gaussian component in this paper

Function Name [ Function Form

Linear f(att;) = att;
Quadratic f(att;) = atti2
Reciprocal f(att;) = 1/att;

Reciprocal Quadratic  f(att;) = 1/atl‘i2
Logarithmic f(att;) = loga(att;)

for constructing these mappings, which can involve both algebraic
and transcendental operations. Algebraic operations typically in-
clude power functions with low exponents, while transcendental
operations cover functions such as logarithmic [44]. Compared to
Oulasvirta [44], we deliberately restrict the operation set in Ta-
ble 1 to low-order polynomials. For the datasets and pointing tasks
considered in this paper, existing analytical models of endpoint be-
havior are also formulated using such low-order, monotonic forms,
rather than trigonometric or exponential expressions. To balance
interpretability and computational efficiency, we currently imple-
ment 5 distinct operations, though the framework is flexible enough
to accommodate additional operations. The operations (see Table
1) we employ include linear, quadratic, and their reciprocal forms
and logarithmic functions. These operations involve single terms,
i.e,, each term does not independently consider the influence of
constants.

As for Cov(X;, Xj), we similarly quantify the interaction be-
tween two Gaussian components X; and X; on the endpoint dis-
tribution, by expressing their covariance as a function of the task
attributes associated with these components as follows:

a,be[-2,00U(0,2], abceZ
®)
where agij)s @ and b can be calculated based on the observed
data. Using this power function model to describe the independent
attributes and their interactive effects can reveal various interac-
tion relationships, including nonlinear relationships, gain and loss
effects, and positive and negative interaction effects.

At this stage, task attributes are mapped to Gaussian components
and instantiated as specific terms. Given that these terms maintain
alinear relationship with the parameters of the overall Gaussian dis-
tribution, multiple linear regression can be applied to determine the
optimal combination of terms and their corresponding coefficients.

Cou(X;, X;) = a(i,j)atti“attjl-’,

3.3 BIC-Based Model Selection

When applying regression models, selecting an appropriate model
is essential for accurately capturing the relationships between vari-
ables and making reliable predictions. This selection process in-
volves balancing model fit and complexity by incorporating penal-
ties for models with a greater number of parameters. Given the
diversity of available regression models, it is critical to employ
robust model selection criteria, such as the Akaike Information Cri-
terion (AIC) [3] and the Bayesian Information Criterion (BIC) [53].
Since BIC provides a more substantial penalty for model complex-
ity than AIC, we choose BIC as the primary criterion for selecting
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the optimal regression model. In our pipeline, we use BIC as the
primary objective for model selection: candidate formulations of y
and 0,2( are fitted to the data, their BIC values are computed, and the
model with the lowest total BIC is retained as the optimal analytic
structure.

The BIC is calculated using the following formula:

BIC = kin(m) — 2In(L), 9)

where kln(m) is the penalty term, it increases with the number
of parameters k and the number of observations m, it penalizes
more complex models with a larger number of parameters, thereby
discouraging overfitting; —2In(L) represents the log-likelihood of
the model, it measures how well the model explains the observed
data.

For linear regression, the residuals are assumed to be normally
distributed, and the log-likelihood In(L) can be effectively estimated
using the Residual Sum of Squares (RSS). This is given by:

BIC = mln(@) + kin(m), (10)
m

where RSS = X712, (y; — ij;)? is the sum of squared residuals, y;
are the observed values, and §; are the predicted values from the
regression model. BIC allows for objectively comparing models
based on their fit to the data while adjusting for the number of

parameters.

3.4 Low-Contribution Term Filter

Following the process outlined above, we obtained the final form
of the Gaussian model. To further control complexity, we then
assess the relative contribution of each term using Shapley values.
This term-level attribution allows us to identify terms that only
marginally improve prediction accuracy and to filter them while
preserving the overall quality of fit, resulting in a more compact
model expression. Each term’s Shapley value ¢; is calculated using
the following formula:

pi= S BEINZBIZ D s - s, an

!
SCN\i IN]!

where i is the term of the instance to be explained, N is the
number of terms, S is a subset of terms excluding term i, f(S)
represents the model score obtained based on the term subset S,
f(SUi) is the model score obtained after adding term i to the subset
S. For example, suppose there are two terms, {W, A}, so N = 2. To
compute the Shapley value of W (i.e., i = W), all subsets S that do
not contain W are S € {0, {A}}. In this case, f(0) is the score of a
model that uses neither W nor A, f({W}) is the score using only
W, f({A}) is the score using only A, and f({W, A}) is the score
using both terms. The marginal contribution of W for each subset
is f({W}) — f(0)andf ({W, A}) — f({A}),, and the Shapley value
of W is the weighted average of these two marginal contributions.
The contribution ratio value of each term (Ratio;) in the model
is:
Ratio; = L (12)
IN|
2 b
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By setting a threshold of 5%, we can eliminate terms with low
contributions, thus maximizing the model’s simplicity. However,
the threshold determines the strictness level of low-contribution
filtering and affects the model’s final performance. When the thresh-
old is set too low, it may fail to sufficiently filter out terms with low
contributions. Conversely, if the threshold is set too high, it might
result in the removal of terms that have a significant impact on the
endpoint distribution. Empirically, we set it to 5%, but this value
can be adjusted in practical applications.

3.5 Example: 1D Static Pointing Task

To make the procedure concrete, consider a 1D static pointing task
in which the user starts from start button and has to acquire a
circular target as quickly and accurately as possible. The target is
placed at an amplitude (distance) A from the start button and has
a width W. The horizontal endpoint X of each trial is modeled as
X~ N(px, U)%)-

In our pipeline, we view yi, and o2 as unknown analytic func-
tions of W and A and construct them from a pool of simple terms
such as W, A, W2, A™1, log, A, and their interaction terms (e.g.,
W2A2, WZA_l). Each term corresponds to a width, amplitude, or
interaction component, so that any candidate model is a linear
combination (Detailed see Table. 5).

Given the observed endpoints distribution, we first treat the
Gaussian parameters as unknown functions and let different ana-
lytic combinations of terms from the pool act as candidate formulas
for iy and o2. Concretely, for each candidate pair of formulas, we
fit their coefficients to the empirical mean and variance of the end-
points For every fitted candidate model, we then compute the BIC
of the mean and variance using Eq. 10. The best model is chosen as
the one whose analytic formulas for ji, and 2 achieve the lowest
BIC. Finally, we apply Shapley values to this BIC-optimal model to
quantify the contribution of each selected term and prune terms
with negligible contribution, yielding an expression for yi, and o2.
More details are provided in Appendix B, where we use concrete
data and report the key steps of our pipeline.

4 Model Evaluation

We evaluate the method through a benchmark comparison with
published models, examining its performance across various scenar-
ios. In datasets where new attributes were introduced, we further
investigated the model’s ability to explain the influence of these
attributes on endpoint distribution using Shapley values.

4.1 Dataset Description

The datasets shown in Table 2 cover traditional pointing tasks across
various dimensions, including 1D, 2D, 3D, and different contexts
(encompassing static, dynamic, and spatial-temporal target selec-
tion). In some datasets, we considered cross-display device usage
(Dataset 2D-Static) and cross-input modalities (Dataset 2D-Moving).
Most tasks involve 2-3 attributes, while more complex tasks incor-
porate 4-7 attributes (Dataset 1D-Moving-Temporal, Dataset 2D-
Moving-Temporal, Dataset 3D-Moving). We recruited participants
and collected data to form three datasets: Dataset 1D-Static, Dataset
2D-Static, Dataset 2D-Moving-Tempora. This study was conducted

Hao Zhang et al.

in accordance with the ethical guidelines of the local ethics commit-
tee. Prior to participation, all subjects provided informed consent,
and their confidentiality and anonymity were strictly maintained
throughout the study.

Dataset 1D-Static represents 1D static target selection tasks.
It was collected through a customized experiment conducted on a
desktop computer equipped with an Intel i7-7700 CPU, 16 GB of
RAM, and an NVIDIA GTX 1060 6GB graphics card. A Samsung
23.6" monitor (1920 X 1080 resolution) was used for display. 12
participants (8 males, 4 females; aged 20-28 years, mean = 23.3, SD
= 2.98) took part in the study. The experimental design included 4
target widths (W: 24, 48, 96, and 144 pixels) and 5 distances (A: 384,
480, 576, 672, and 768 pixels).

During the experiment, participants were first required to click
on a white strip on the left side of the screen (48 pixels wide). A
target strip then appeared on the right, with its width and dis-
tance determined by the experimental design. Participants were
instructed to select the target strip as quickly and accurately as
possible, following a similar approach as described by Bi et al. in
their study [5]. Each condition was repeated 12 times, resulting in a
total of 240 trials, presented in a randomized order. This resulted in
a total of 2880 data points collected under randomized conditions.

Dataset 1D-Moving represents 1D moving target selection
tasks. This Dataset is derived from Huang et al. [27], in which
the experiment was conducted on a Dell OptiPlex 9020 laptop com-
puter, with an Intel Core i7 4 Quad core CPU at 3.6 GHz and a
23-inch (533.2 X 312mm) LED display at 1,920 X 1,080 resolution.
The pointing device was a Dell MS111 mouse (1000 dpi). A total of
12 participants (6 males, 6 females; mean age = 27) X 4 target width
(W: 24, 48, 96, and 144 pixels) X velocity (V: 96, 192, 288, and 384
pixels/second) 60 repeats resulted in 11520 endpoints.

Dataset 1D-Moving-Temporal represents 1D spatial-temporal
target selection tasks. This Dataset is derived from Huang et al.
[23]. The same hardware setup as Dataset 1D-Moving was used.
As reported, a total of 12 participants X 2 distances (A: 384 and
768 pixels) X 3 target sizes (W: 24, 48 and 144 pixels) X 3 velocities
(V: 96, 192 and 384 pixels/second) X 4 temporal widths (W;: 0.08,
0.16, 0.24 and 0.32 second) X 3 temporal distances (t.: 0.7, 1.1 and
1.5 second) X 5 repeats resulted in 12960 endpoints. In each trial,
participants clicked the “start” button on the left side of the window.
After a 1000 ms interval, a moving target appeared, and participants
were asked to control the 1D cursor to acquire it. Each target could
only be acquired once per trial.

Dataset 2D-Static represents 2D static target selection tasks.
This Dataset was collected through a customized experiment us-
ing 5 output devices with varying screen sizes and resolutions: a
Wacom Cintiq Pro 32" display (79.6 cm diagonal, 1920 X 1080 res-
olution, PPI = 70.29), 2 a Dell 24" monitor (60.4 cm diagonal, 1920
X 1080 resolution, PPI = 92.6), a Microsoft Surface Pro 13" tablet
(32.8 cm diagonal, 2880 x 1920 resolution, PPI = 268.04), a Huawei
MatePad 10.4" tablet (26.1 cm diagonal, 2000 X 1200 resolution, PPI
= 226.98), and a ZTE 5.5" smartphone (14.6 cm diagonal, 1920 X

2The pixel densities (PPI) of the devices, were calculated using the formula PPI =

Vw2im?

# where W and H are the screen resolution dimensions in pixels, and O is
the screen size in inches. The same calculation method applies to the other devices
mentioned.



N-ary Gaussian Model

CHI *26, April 13-17, 2026, Barcelona, Spain

Table 2: An illustration of the task setups of datasets, with the key task attributes (A: target amplitude, W: target width, V: target
velocity, O: output display, I: input modalities W;: temporal widths, t.: temporal distances, D depth,W),: perceived target width,
Vpx: perceived target velocity in the XOY plane, V),: perceived target velocity along z-axis), as well as successful selection cases.

Dataset Name Task Attribute Dimension Dynamic Temporal
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1080 resolution, PPI = 383.25). 16 participants (9 males and 7 fe-
males, aged 19 to 29, with an average age of 22.0 and a standard
deviation of 2.32) took part in the study. The static target selection
task included 4 different sizes of circular targets (72, 144, 216, and
288 pixels), as shown in Table 2.

During the experiment, participants performed a typical 2D
static target selection task. Each trial began with a start button

at the center of the screen; clicking it caused a circular target to
appear. To mitigate potential learning effects, the target appeared
at a random location on an invisible circle centered on the start
button. The circle’s radius was fixed at 0.375 times the shorter
screen dimension. Participants were instructed to select the target
as quickly and accurately as possible. Endpoint data were recorded
for every trial, regardless of whether the target was successfully
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hit or missed. A trial was considered successful if the recorded
endpoint fell within the target boundary. A total of 16 participants
X 4 sizes(W) X 16 repeats X 5 output displays(O) = 5120 endpoints.

Dataset 2D-Moving represents 2D moving target selection
tasks. This Dataset utilizes data from Huang et al. [27], in which the
experiment was conducted on a HiteVision X7 interactive system
with a built-in computer and a 70-inch LED display at a resolution
of 1920x1080, supporting three input modalities. In the original
study, separate models were built for each input modality(]), i.e.,
finger touch, stylus, and mouse. Dataset 2D-Moving, however, in-
corporates input modality as an attribute in the model. To quantify
the impact of each modality, Berard et. al. [4] proposed using De-
vice’s Human Resolution (DHR), which suggests that mouse DHR
typically ranges between 700-1400 dpi, pen devices range between
100-200 dpi and free-space devices, analogous to hand-touch inter-
actions, range between 5-10 dpi. In addition to the original study’s
[27] reported mouse dpi of 1000, we used the average values re-
ported in [4] to approximate the parameters of the input devices:
mouse at 1000 dpi, stylus at 150 dpi, and finger touch at 7.5 dpi.

Dataset 2D-Moving-Temporal represents 2D spatial-temporal
target selection tasks. This dataset was collected via a customized
experiment involving 16 participants (9 males, 7 females; aged
20-33 years, mean age = 22.8, SD = 3.03). Target widths (W) were
set at 3 levels (144, 24, and 48 pixels), and movement velocities
(V) were set at 3 levels (384, 192, and 96 pixels/second). Instead
of the temporal cue and bar-like temporal target prompts used
in [51], we adopted a more 2D-appropriate shrinking cue form
(see Table 2). A yellow region surrounding each target represented
the time available for participants to select the target (W;), with
temporal widths set to 0.08, 0.16, 0.24, and 0.32 seconds. A red
dished circle began shrinking at a constant rate from the outer edge
of the target toward the yellow region, representing the duration
from the appearance of the time circle to its arrival at the selection
region. When the red dished circle reached the boundary of the
yellow region, it marked the temporal distances (t¢) of 1.5, 1.1, and
0.7 seconds.

During the experiment, once participants pressed the start but-
ton, a blue target appeared randomly on a circle’s boundary and
moved in a randomly chosen direction at a constant velocity (see
Table 2). Participants were instructed to select the blue target as
quickly and accurately as possible while the red dots was within
the yellow region. Selections made during this period were con-
sidered successful, whereas selections made before or after this
window were considered failures. A total of 16 participants X 3
target sizes (W) X 3 velocities (V) X 4 temporal widths (W;) X 3
temporal distances (f;) X 5 repeats resulted in 8640 endpoints.

Dataset 3D-Moving represents 3D moving target selection
tasks. This Dataset is derived from Zheng et al. [70]. In the original
study, the 3D target motion was decomposed into two components:
motion in the XOY plane (surface motion) and motion in depth.
The combined motion condition integrates these two components,
such that the target simultaneously varies in depth (D), polar angle,
and azimuth angle, thereby approximating free motion in 3D space.
The target surface velocities (Vy) were set to 0.2, 0.4, 0.6, and 0.8 m/s,
while the depth velocities (V;) were 0.10, 0.15, 0.20, and 0.25 m/s,
resulting in overall velocities (V) of 0.22, 0.43, 0.63, and 0.84 m/s.
Four target sizes (W: 0.02, 0.04, 0.06, and 0.08 m) and three depth
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levels (D: 0.3, 0.4, and 0.5 m) were included in the experimental
design. In total, 15 participants X 4 target sizes (W) X 4 velocities
(V) x 3 depths (D) X 12 repeats = 8,640 trials. The original study
[70] also considered perceived target width (W)) and perceived
target velocity (V, decomposed into Vpx in the XOY plane and V),
in depth) as perceptual attributes.

4.2 Comparing with White-box Models

The majority of samples in each dataset passed the normality test
using Kolmogorov-Smirnov tests, with a confidence level of 95%.
Following these tests, we assessed the performance of the proposed
N-ary Gaussian Model against previously published baseline models
in Human-Computer Interaction (HCI). The comparison was based
on the Mean Wasserstein Distance (MWD) [1], which measures
the average distance between actual and predicted distributions
across various conditions. Smaller MWD values indicate a closer fit
between the predicted and actual distributions, with values ranging
from 0 to positive infinity. The N-ary Gaussian Model was evaluated
across all datasets using the complete data for both the baseline
and our model to ensure sufficient data points for regression. Cross-
validation is applied in subsequent sections to validate the model’s
generalization capabilities. Note that previous studies separately
modeled temporal and spatial endpoints for spatial-temporal target
selection tasks (Dataset 1D-Moving-Temporal, Dataset 2D-Moving-
Temporal). Consequently, the models employed in these datasets
were the 1D [26] and 2D [27] Ternary Gaussian models.

The comparison results are provided in Table 3, where N repre-
sents the number of non-constant parameters in each model. The
table also presents the detailed model forms for y and o, along
with additional comparisons. Overall, in all the 7 datasets the N-
ary Gaussian Model achieved a lower Mean Wasserstein Distance
(MWD) compared to the corresponding baseline model. Overall, our
model reduced MWD by an average of 6.074, with a standard devia-
tion of 6.180. On average, our model achieved a 28.759% reduction in
MWD compared to the baseline models. Notably, in datasets where
new task attributes were introduced (e.g., Dataset 2D-Static with
displays, Dataset 2D-Moving with input modalities, and Dataset
2D-Moving-Temporal with time constraints), our model automati-
cally identified the optimal representation of these new attributes
based on the Multi-Gaussian framework.

Across datasets, the number of parameters increased by an av-
erage of 1.714 (STD = 4.786) compared to the baseline, and the
mean MWD decreased by 38.19%. The largest parameter increases
occurred in Dataset 2D-Static and Dataset 2D-Moving, with six ad-
ditional parameters each. These increases were justified by MWD
reductions of 54.403% and 38.904%, respectively. In Dataset 3D-
Moving, our model reduced the number of parameters by 8, yet
still improved MWD by 17.940%. This suggests that, in scenarios
with greater task complexity, it is possible to simplify the baseline
model while still capturing the most critical attribute.

4.3 Error Rate Prediction

The ultimate metric for evaluating a pointing model in practical
scenarios is often its ability to predict error rates [59]. This section
assesses the practical utility of the N-ary Gaussian model and the
baseline models on this critical task. We compute the predicted error



N-ary Gaussian Model

CHI *26, April 13-17, 2026, Barcelona, Spain

Table 3: N-ary Gaussian Model against previously published models in HCI. N refers to the number of parameters in the model.
Results for the models that performed better are highlighted in bold.

Dataset Name Term Baseline N-ary Gaussian Model
N | Term Format [ AdjR* | MAE [ TotalN [ MWD | N Term Format [ Adj.R* | MAE [ TotalN [ MWD
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rates based on the estimated y and o from each model across the 7
datasets. The accuracy of these predictions is then systematically
evaluated by comparing them against the empirically observed
error rates.

4.3.1 Error Rate Model. The error rate of a pointing task is defined
as the proportion of selection attempts in which the user’s endpoint
falls outside the target region. With endpoint distribution predicted
by N-ary Gaussian Model, we can further calculate the error rate for
pointing a target via multivariate normal cumulative distribution
function (CDF) [17]. For a 1D pointing task, the error rate corre-
sponds to the probability that the endpoint falls outside the target
range, which can be computed via the corresponding CDF [26]. For
2D circular targets, the probability of hitting a circle with radius
W /2 centered at the target location is given by the integral of the
bivariate normal distribution over that circular area [27].

Extending to 3D, for a spherical target of radius R = W /2. Let
(X#, Xn, X;) denotes the 3D endpoint distribution, where X; ~
N (s, O'tz), Xn ~ N (pin, 0,2,), and X; ~ N (uz, ag). The joint proba-
bility density function is:

1| (xr = pr)?
X X0 X, (Xt Xy Xz) = - |
ft, (t n Z) (27{)3/20_t0.no.z 2 O'?
(xn — lln)z (xz - I—‘z)2
+ 2 + > .
O-n O—Z

(13)

Using explicit integration limits, the probability that an endpoint
falls inside this spherical target is given by:

R \/Rz —x2 \/Rz —x2-x%
Pin(R) = / / / th,Xn,Xz (xt> Xn, xz) dx; dxy, dx;.
-RJ- x2 —\/R2 —x2-x%

=

The corresponding error rate for a target is then:

(14)

Eerr(R) =1 - Pir(R). (15)
4.3.2 Results. Based on the error rates predicted by the N-ary
Gaussian model and the baseline model, we compute the Mean
Absolute Error (MAE) between the predicted and actual error rates.
The results are summarized in Fig. 4. Across all datasets, the N-ary
Gaussian model consistently achieves a lower MAE than the base-
line. Overall, our model reduces MAE by an average of 2.88 (SD
= 6.18), corresponding to an average relative reduction of 19.07%.
Notably, the model delivers its best error rate prediction on the
1D-Moving dataset, attaining an MAE of only 1.88. The most sub-
stantial improvement occurs on the 3D-Moving dataset, where the
MAE drops sharply from 30.58 to 13.69. This pronounced gain sug-
gests that the N-ary Gaussian framework is particularly effective
in capturing the underlying error structure in more complex, high-
dimensional task settings. These results align with the observed
reduction in MWD reported earlier, reinforcing that the proposed
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model not only better approximates the distribution of human per-
formance but also provides more accurate point estimates of error
rates.

O N-ary Gaussian Model OJ Bascline

0

1D-Static ID-Moving  1D-Moving-Temporal  2D-Staic 2D-Moving  2D-Moving-Temporal  3D-Moving

Error rate MAE (percent)

Dataset

Figure 4: Comparison of error rate prediction MAE across 7
Datasets.

4.4 Comparison with Black-box Models

Black-box modeling approaches, through flexible adjustment of
input features, offer the potential for automated modeling across
diverse task scenarios. However, to our knowledge, no prior frame-
work has been explicitly designed to model endpoint distributions
in target pointing tasks using black-box methods. To establish
a comparative baseline, we implemented two representative ap-
proaches—Support Vector Machine (SVM) regression with a poly-
nomial kernel and a Feedforward Neural Network (FNN)—to predict
Gaussian distribution parameters (u and o). The SVM utilized a
4th-degree polynomial kernel to capture non-linear interactions,
matching the maximum term complexity of our N-ary model. The
FNN architecture consisted of an input layer aligned with feature
dimensionality, two hidden layers (64 and 32 neurons, respectively),
and an output layer corresponding to the number of predicted
parameters. Dropout regularization (rate = 20%) was applied to
mitigate overfitting. Both models were trained to minimize mean
squared error (MSE) between predicted and ground-truth Gaussian
parameters, following the same fitting protocols as our method.

Table 4 summarizes the comparative performance. The SVM
achieved the lowest MWD in Dataset 1D-Moving-Temporal, Dataset
2D-Static, Dataset 2D-Moving-Temporal, and Dataset 3D-Moving,
while the FNN performed better in the remaining datasets. The N-
ary Gaussian Model has the lowest model complexity (mean: 12.429,
STD: 6.630), requiring at most 25 parameters (Dataset 3D-Moving)
across all datasets, in sharp contrast to FNN, which consistently uses
more than 2300 parameters (mean: 2467.429, STD: 91.460), and SVM
(mean: 778.714, STD: 638.003), which varies widely from 26 to over
1600. Despite its lightweight structure, the N-ary Gaussian Model
remains competitive in MWD performance. For example, in Dataset
1D-Static, N-ary Gaussian Model achieves its result with only 5
parameters, in contrast to the SVM’s 26 and the FNN’s staggering
2338 neurons. And the decrease in MWD from 0.523 to 0.338 offers
limited practical benefit in many contexts, especially given that it
requires nearly 500 times more parameters.
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4.5 Cross-Validation

To evaluate the robustness of the proposed model, as well as to
assess the potential for overfitting, we conducted cross-validation
tests on each dataset. Given the need for a sufficient number of
data points to fit the parameters of the Gaussian distribution, we
employed a bootstrap resampling technique. For each iteration,
we randomly selected 70% of participants (rounded up to the next
number) with replacement as the training and testing sets. This
procedure was repeated 10 times for each dataset to ensure com-
prehensive evaluation.

Across all 7 datasets, the N-ary Gaussian Model demonstrated an
average reduction in Mean Wasserstein Distance (MWD) of 5.523
(STD = 5.247). On average, our model reduced MWD by 27.173%
(STD = 0.0752) compared to baseline models. The black-box mod-
els continue to deliver the best overall performance, consistently
achieving the lowest MWD values. However, the SVM revealed
signs of overfitting, attaining the best results only in Dataset 2D-
Moving and Dataset 3D-Moving. In contrast, the FNN demonstrated
more stable generalization, securing optimal performance in other
5 datasets and reducing MWD by an average of 16.611% compared
to our model, albeit at the cost of a substantially larger parameter
footprint (mean : 2492.57, SD : 89.08). These results indicate that
the model’s predictive performance remains robust, supporting its
generalizability and resistance to overfitting.

5 Discussion

5.1 Generalization of N-ary Gaussian Model in
Diverse Datasets

To comprehensively evaluate the generalization capability of the
proposed N-ary Gaussian Model, this section presents a detailed
comparative analysis across the 7 diverse datasets. This section
focuses on interpreting the automatically generated model forms,
contrasting them with established baseline models from the litera-
ture, and examining how both traditional and novel task attributes
affect pointing uncertainty.
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Figure 5: The Spearman correlation for three datasets:
Dataset 2D-Static (added display device), Dataset 2D-Moving
(added input modality), and Dataset 2D-Moving-Temporal
(added time constraint).

Dataset 1D-Static. Although existing research widely suggests
that amplitude (A) has negligible influence in 1D static target se-
lection tasks, our model incorporates the effect of target amplitude
through a logarithmic function to achieve more precise modeling.
The logarithmic form, widely adopted in foundational models such
as Fitts’ Law where index of difficulty is defined as loga (D/W + 1),
not only captures positive correlations but also reflects a limiting
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Table 4: N-ary Gaussian Model against black-box models. N refers to the number of parameters in the model.

Dataset Name SVM FNN N-ary Gaussion Model
N [ MWD N [ MWD | N [ MWD
1D-Static 26 0.395 | 2338 0.338 5 0.523
1D-Moving 450 1.990 | 2402 1.929 7 2.615
1D-Moving-Temporal | 1418  1.293 | 2530 1.344 10 1.341
2D-Static 199 2.498 | 2404 2.860 | 11 3.179
2D-Moving 508  23.741 | 2468 21.315 | 16 29.504
2D-Moving-Temporal | 1664 28.829 | 2532 30.087 | 13 31.047
3D-Moving 1186 34.515 | 2598 37.073 | 25 37.119
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(a) Dataset 4: Bivariate Gaussian 3-Sigma Contour Plot with Gradient Across Display, for Target Width (W) of 144
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(b) Dataset 5: Bivariate Gaussian 3-Sigma Contour Plot with Gradient Across Input
Modality, for Target Width (W) of 144 and Velocity (V) of 256
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(c) Dataset 6: Bivariate Gaussian 3-Sigma Contour Plot with Gradient Across
Temporal Constraints, for Target Width (W) of 24, Velocity (V) of 384, and
Temporal Widths (W) of 0.32"

Figure 6: Comparison of Bivariate Gaussian 3-Sigma Contour Plots across different display, input modalities, and temporal
constraints. The color bar reflects the distance from the center. The three 3-sigma contour plots represent the real distribution
(red), the N-ary Gaussian Model (blue), and the Baseline model (green).

effect: the influence of amplitude diminishes as its value increases.
For small amplitudes, even minor changes significantly affect end-
point spread, while at larger amplitudes, distribution variability
becomes increasingly constrained by motor control precision or
perceptual limits.

Dataset 1D-Moving. Our approach can reduce the reliance on
specialized expertise and prior experience in the modeling pro-
cess. As shown in the model format for Dataset 1D-Moving, our
method captured a model structure largely consistent with that of
the original model [26], including an identical number of terms,
while delivering comparable performance. However, an unexpected
term, WV, emerged in the resulting model, which lacks a clear
interpretation within conventional pointing paradigms. We argue
that the emergence of this term offers a novel perspective, sug-
gesting that endpoint variance in dynamic target selection is not
solely determined by geometric difficulty (e.g., V/W) but is also
influenced by a multiplicative interaction between velocity and
target tolerance. We consider that the WV term captures a coupling
between the inherent movement noise induced by high velocity and
the subjective allocation of effort modulated by target width. Tradi-
tional indices of difficulty focus primarily on geometric constraints
but often fail to account for the behavioral strategies users adopt
in high-tolerance, high-dynamic environments. When the target

width W is large, it provides substantial tolerance space, which
may induce an effort-minimizing strategy [34]. This strategy can
reduce the motor system’s ability to suppress the intrinsic move-
ment noise generated at high velocity V. Furthermore, this effect
is moderated by individual risk sensitivity [43]. In scenarios with
both high V and large W, the resulting high outcome variability
represents increased risk. Risk-seeking individuals may perceive
this variability as acceptable or even beneficial, thereby not adjust-
ing their strategy, which allows variance to rise. Thus, the WV
term may represent the observed velocity-tolerance interaction and
suggests a novel cognitive and motor control interpretation for the
increase in endpoint variance 2.

Dataset 2D-Static. We explicitly incorporate the physical pixel
density (PPI) of the display device as a task attribute into the com-
putational model.Unlike approaches that treat device differences
as a black-box variable, our model captures how PPI, as a quantifi-
able physical factor, systematically influences pointing uncertainty
during interaction.

Previous work has indeed investigated the effect of physical
scale on selection performance [8], typically by varying the actual
display area while keeping the resolution constant on a single
device. However, in real-world scenarios where interactive devices
vary greatly in both physical dimensions and resolution, PPI serves
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as a more comprehensive metric that inherently accounts for both
factors.

On low-PPI displays, the minimal movement unit of an input
device (such as one pixel) corresponds to a larger physical dis-
placement. This amplifies motor control noise and leads to more
dispersed endpoint distributions. As illustrated in Fig. 6 (a), for the
same target width, the endpoint distribution of real data (plotted in
red) becomes increasingly dispersed with higher PPI values. This
effect explains why the baseline model performs poorly. These re-
sults show that PPI may be a worthy modeling attribute in pointing
tasks.

Dataset 2D-Moving. While prior research has acknowledged
the influence of input modality on pointing behavior, it has largely
stopped short of developing quantitative models that integrate
this factor into a unified predictive framework. Addressing this
gap, our work quantifies input modality using the Device’s Human
Resolution (DHR) and rigorously evaluates whether incorporating
this attribute is necessary through our automated modeling pipeline.
As demonstrated using Dataset 2D-Moving from a 2D moving target
selection task, a clear positive correlation exists between DHR
and endpoint distribution variance (Fig. 5(b)). Specifically, higher-
DHR devices such as the mouse (DHR = 1000) result in greater
endpoint variability compared to the stylus (DHR = 150) and finger
touch (DHR = 7.5), a finding consistent with existing literature
[27]. Crucially, unlike earlier studies [27] that constructed separate
models per input modality, our approach incorporates DHR directly
as a continuous task attribute within a single, extensible model. This
not only enhances predictive accuracy and generalizability across
interaction contexts, but also provides a mathematically explicit
representation—enabling deeper insight into how input resolution
shapes pointing uncertainty.

Dataset 1D-/2D-Moving-Temporal. Modeling results from
Dataset 2D-Moving-Temporal reveal that temporal constraints in
spatiotemporal selection tasks exert a notable influence on spatial
endpoint distributions and should be incorporated into the model.
As shown in Fig. 6 (c), as time constraints become more stringent
(i.e., with lower t. values), reduced reaction time leads to increased
variability in the endpoint distribution. Prior methods for model-
ing endpoint distribution often overlooked the role of temporal
constraints [23, 51] and typically treated temporal and spatial fac-
tors in isolation. Our work underscores their interdependence. Our
model identifies the V/t2 term (in Dataset 1D-Moving-Temporal)
and the 1/t term (in Dataset 2D-Moving-Temporal) as effective
mechanisms for integrating temporal constraints with spatial un-
certainty. These terms capture how the influence of time pressure
intensifies as the temporal distance interval () decreases. This
finding aligns with the view that shorter decision windows limit
users’ ability to fine-tune their movements, thereby increasing end-
point variability [55]. Such an effect may be especially critical in
fast-paced interactive scenarios, such as first-person shooter games
[9], where users must perform rapid and precise movements under
extreme time pressure. In the original Dual Gaussian and Ternary
Gaussian models, o was typically described by linear functions (i.e.,
0% was expressed quadratically). We extended this approach by
introducing terms up to a quadratic function, which corresponds to
4th-order terms in 2. In our model, the majority of these 4th-order

Hao Zhang et al.

terms appear with W, suggesting that higher-order terms capture
the user’s increasing sensitivity to changes in this attribute. Impor-
tantly, this expansion retains the interpretability of the original pos-
itive correlation between task attributes and endpoint distribution.
Our framework is designed for modeling endpoint distributions in
spatial pointing tasks, as long as the endpoints of interest can be
treated as approximately Gaussian. The present experiments focus
on spatial endpoints without explicit temporal success criteria.
Dataset 3D-Moving. Unlike conventional 1D and 2D user inter-
faces, pointing in 3D environments presents considerably greater
challenges due to the need to process depth perception cues. This
difficulty is further exacerbated when the target is in motion. Con-
sequently, modeling the endpoint distribution for 3D moving target
selection is particularly demanding, as it requires accounting for up
to eight attributes—significantly more than in 1D or 2D scenarios.
This complexity inherently leads to more sophisticated models, such
as the one proposed in the original paper [70], which employs 33
parameters. Notably, our approach achieves superior performance
in the 3D task, outperforming the baseline model across key metrics.
Furthermore, it offers a more streamlined model architecture with
the number of parameters reduced to 25. This reduction not only
maintains predictive capability but also provides valuable insights
for future research in refining 3D modeling techniques. Compared
to the baseline model [70], our N-ary Gaussian model for o2 incor-
porates two additional compound terms. The first, VKQ’ relates to
depth and time-to-collision (TTC) perception. Huma;’ls often esti-
mate TTC using optical variables such as z—the ratio of an object’s
angular size to its rate of expansion [36]. Since Vp, = V;/D, the term
w _ wD?
Voe V2
rely on a 7-like cue rather than processing target width, depth, and
speed independently. This interpretation aligns with work showing
that TTC-related variables systematically affect depth judgment

expands to oc Wr2, suggesting that participants may

precision [62]. The model also includes the term %, whose func-
tional role warrants further investigation. We speculate that this
term may capture the anisotropy of endpoint uncertainty relative to
the target’s motion direction of 3D moving target selection. Overall,
these terms indicate that the N-ary Gaussian formulation captures
perceptual and geometric constraints not explicitly represented in
the baseline model, pointing to promising directions for investigat-
ing the mechanisms underlying 3D moving target selection. We
believe that further experimental and theoretical studies are needed
to test the generality of this interpretation.

Based on the experimental results and analysis across diverse
datasets, the following key findings are derived:
« Display pixel density (PPI) systematically influences point-
ing precision, with lower PPI displays leading to more dispersed
endpoint distributions due to amplified human motor control noise.
+ Input modality, quantified by Device Human Resolu-
tion (DHR), significantly affects pointing uncertainty, where
higher-DHR devices like mice exhibit greater distribution variance
than stylus or touch input.
- Temporal constraints (f.) interact with spatial precision,
where stricter time limits increase pointing uncertainty due to
reduced movement correction opportunities. This demonstrates the
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necessity of integrated spatial-temporal modeling for time-sensitive
applications such gaming or real-time decision systems.

- Potential for modeling pointing uncertainty in complex
scenarios, not only reducing parameter complexity but also main-
taining predictive accuracy in challenging tasks. N-ary Gaussian
model provides a tool for identifying and validating previously
overlooked factors that influence interaction performance, mak-
ing it particularly valuable for exploring sophisticated interactive
environments where multiple task attributes coexist and interact.

5.2 Impact of BIC-Based Model Selection

In this section, we discuss how Bayesian Information Criterion
(BIC) guided model selection within our model. Taking Dataset
2D-Moving-Temporal as an illustrative case, we recorded the top 20
model combinations for py, U,ZC, and 0'5 based on their BIC values.

And, we collected the corresponding Adj.R? and Mean Absolute
Error (MAE) values. The results for Dataset 2D-Moving-Temporal
are shown in Fig. 7. Each row corresponds to piy, O')ZC, and 0'!2/, with
plots showing their associated Adj.R? and MAE values. The x-axis
in each plot represents the number of parameters, while the y-axis
indicates the respective Adj.R* or MAE values. Data points are
represented as circles, and the models with the best BIC scores
are marked with yellow stars. In the Adj .R? and MAE columns,
models achieving higher Adj.R? values and lower MAE scores are
emphasized in red, providing a clear visual distinction of their
performance.

As shown in Fig. 7, models with more parameters tend to achieve
better performance, as evidenced in the figure where the highest
Adj.R? and the lowest MAE values are often associated with the
most parameterized models. However, this improvement diminishes
beyond a certain point. For instance, as shown in subplot (b), when
the number of parameters increases from 5 to 6, the Adj .R? value
only improves marginally, from 0.865-0.866 to 0.867, indicating that
adding more parameters does not significantly enhance the model’s
predictive ability. BIC values, however, consistently favor models
with fewer parameters, as highlighted by the yellow stars indicat-
ing the best BIC scores. The BIC-selected models retain relatively
high Adj.R? values and competitive MAE scores despite having
fewer parameters, keeping simplicity while preserving predictive
accuracy. This ability to prioritize parameters with meaningful con-
tributions ensures that the models generalize well across datasets,
demonstrating that BIC balances model simplicity and performance
by penalizing unnecessary complexity.

5.3 Impact of Low-Contribution Term Filter

This section focuses on validating the effectiveness of the Shapley
value-based term filter. For each dataset, based on the model forms
selected by BIC, we calculated the contribution ratio of each term
to the model’s fit using Eq. 11 and 12. This was applied in cases
where the number of terms was two or more. Additionally, we
computed the percentage reduction in Adj.R?> when each term
was removed, relative to the original Adj.R?. A strong positive
correlation was observed between the two measures (Spearman’s
r = 0.975, p < 0.001), indicating that terms with higher Shapley
contributions generally led to larger reductions in model fit when
excluded.
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By setting a threshold of 5%, we successfully filtered out 3 low-
contribution terms. These terms include the t. term (contribu-
tion: 4.902%, Adj.R? reduction: 0.389%) in the Dataset 1D-Moving-
Temporal for jiy, the A term (contribution: 3.723%, Adj.R? reduction:
0.128%) for py in the Dataset 1D-Static, and the WA interaction
term (contribution: 3.991%, Adj.R? reduction: 0.032%) for o2. These
results demonstrate the feasibility of using Shapley values to effec-
tively quantify the contribution of each term to the model, while
the term-filtering approach successfully removes low-impact terms
with minimal effect on predictive accuracy. This confirms the va-
lidity of our term-filtering method in maintaining model simplicity
without sacrificing performance.

5.4 Relationship between BIC Model Selection
and Shapley Value Term Filtering

The relationship between BIC model selection and Shapley value
term filtering is both complementary and collaborative. While both
methods aim to reduce model complexity, they operate at different
levels of the modeling process. BIC serves as a global selection crite-
rion, guiding the choice of the overall model structure by balancing
model fit and complexity. By introducing a penalty for the number
of parameters, BIC ensures that simpler models are favored unless
the inclusion of additional terms leads to a significant improvement
in predictive performance. In contrast, Shapley values operate at
a more granular level within the selected model, quantifying the
contribution of each term to the overall prediction. This term-level
analysis enables a finer degree of control, allowing for the removal
of terms that make negligible contributions to model performance,
even if they were initially retained under the BIC-based selection.
BIC alone is not sufficient for our goal. BIC tells us which combina-
tion of terms gives the best trade-off between fit and complexity,
but it does not say how important each single term is inside that
model. When the sample size is large, several terms can each give
a small improvement in likelihood that is enough to pass the BIC
penalty, even though their unique effect is very small compared
to the main terms. Shapley values complement this by providing
a term-level measure of contribution within a fixed BIC-selected
model, so that we can see which terms are doing most of the work
and which ones only do small improvement.

Despite their shared objective of reducing model complexity,
conflicts can arise between BIC model selection and Shapley value
filtering. We have a linear workflow, which involves first executing
BIC and then performing term filtering. Such conflicts typically
occur when BIC retains a term that marginally improves model fit
but is later identified by Shapley analysis as having a low contribu-
tion. For instance, interaction terms (e.g., W/V) may be selected by
BIC due to their slight improvement in model fit, but their Shapley
values may indicate minimal contribution if the individual effects
of W and V are already strong. In this case, our model may favor
filtering such a low contribution term. Importantly, using Shapley
values in our pipeline does not override the decision made by BIC;
it only simplifies the BIC-selected model at the term level when
the effect on goodness of fit is negligible. Across the three terms
that were filtered by the 5% threshold in our datasets, the average
Shapley contribution was 4.644% (SD 0.504%), while their removal
reduced Adj. R? by only 0.137 % on average (SD 0.151%), indicating
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Figure 7: This figure highlights the effectiveness of BIC-based model selection in balancing simplicity and accuracy. Each row
corresponds to iy, 02, and 0'_%/, with plots showing their associated Adj.R?> and MAE values. The x-axis in each plot represents the

number of parameters, while the y-axis indicates the respective Adj.R? or MAE values. Data points are represented as circles,
and the models with the best BIC scores are marked with yellow stars. In the Adj.R?> and MAE columns, models achieving
higher Adj.R? values and lower MAE scores are emphasized in red, providing a clear visual distinction of their performance.

that Shapley-based pruning removes only terms with very small rel-
ative contribution and almost no impact on predictive performance.
Besides, the order of applying BIC and Shapley is important. Shap-
ley values are defined with respect to a given model and are costly
to compute, so using Shapley first would require computing them
for many unstable candidate models and the importance ranking
of terms would change whenever the model structure changes. In
contrast, using BIC first stabilizes the model structure and restricts
the search space, after which Shapley values provide a clear and
efficient term-level view.

5.5 Runtime Analysis of N-ary Gaussian Model

The runtime of automated modeling is a key concern for researchers,
as also noted in the study by Oulasvirta [44]. In their experiment
on a multitouch rotations dataset with five controlled factors, while
satisfactory performance was achieved, the automated search for
a nonlinear regression model required 96 hours to complete. To
quantify the computational cost, we measured the runtime of an
exhaustive search for constructing the N-ary Gaussian model across
different numbers of attributes (Fig. 8). All programs were executed
on a desktop computer equipped with an Intel Core 19-10900K CPU
@ 3.70 GHz and 32 GB of RAM, running 64-bit Windows 11.

The computational cost remains practical for small-to-medium
attribute sets: with up to 4 attributes, the model can be fitted within
a few minutes (mean = 132.53 seconds), which is fully acceptable for
offline analysis in typical experimental settings. Beyond 4 attributes,
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Figure 8: Growth in runtime with increasing attribute num-
bers.

the runtime increases with the dimensionality of the attribute space,
reaching approximately 27.5 minutes for 5 attributes and about 2.5
hours for 8 attributes. These results indicate that the proposed N-ary
Gaussian Model is practically usable for small to medium numbers
of attributes, but scaling to higher-dimensional attribute sets will
require further optimisation. In future work, we plan to parallelise
the core computations and port them to a GPU implementation,
which should substantially reduce runtime and make exhaustive
modelling with larger attribute numbers feasible.
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5.6 Potential Extensions of N-ary Gaussian
Model

The N-ary Gaussian Model introduces a systematic, theoretically
grounded approach for automating endpoint distribution modeling.
It enables the rapid identification of whether a specific task at-
tribute is "modelable" and establishes a lower bound for the model’s
performance under that attribute. Traditionally, this process re-
quired researchers to hypothesize potential task attributes [23, 26],
iteratively formulate multiple models [64], and evaluate their per-
formance using metrics such as Adj .R%, MAE, AIC, and BIC, etc
[61]. This trial-and-error process is labor-intensive and often re-
lies on subjective decisions about which task attributes to include
or exclude from the model. Our approach offers a more system-
atic solution by employing BIC-based model selection and Shapley
value analysis to systematically assess and exclude low-contribution
terms. By automating the process of determining which attributes
to include, our approach accelerates the modeling process, mini-
mizes manual intervention, and produces models that retain only
the most relevant task attributes. We do not propose that these re-
sults should supersede existing models but rather aim to show how
the method can facilitate the exploration and refinement of model
spaces. This tool can also help us gain an initial understanding of
the impact of unexplored but potentially significant attributes on
endpoint distribution, such as walking or running [38], emotional
states [48] for a broader range of applications.

The ability to automatically derive models can accelerate re-
search pursuits in adaptive UI and UI optimization. For theory-
driven researchers who previously regarded modeling as a complex
and specialized endeavor, this approach lowers the entry barrier,
enabling them to obtain models in scenarios where theoretical rigor
is not a primary concern. For instance, based on the Multi-Gaussian
distribution hypothesis, our model offers a structured and trans-
parent modeling approach. Leveraging the final Gaussian form of
the model, we can utilize the likelihood function from Bayesian
inference to infer the user’s intended target during interaction [27],
forming interaction techniques that focus more on model efficiency.
Furthermore, in the field of UI design, if designers seek to under-
stand how task attributes influence error rates, the functional forms
for each task attribute enable the estimation of error rates using
the cumulative distribution function (CDF) [25]. This capability
may guide interface design, allowing designers to predict user per-
formance and optimize Ul design parameters for enhanced the
usability of user interfaces.

6 Limitations

This study has four primary limitations. First, the target shapes are
limited to regular geometric shapes, and the endpoint distributions
are assumed to follow a normal distribution. However, given that
most target selection tasks in current interactive interfaces involve
regular shapes, and previous research has shown that the endpoint
distributions for such shapes typically follow a normal distribution,
our work remains broadly applicable to the design of mainstream
user interfaces.

Second, as an extension of the Dual- and Ternary-Gaussian mod-
els, our multi-Gaussian framework builds on these foundational
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models for endpoint distribution. In our white-box model base-
line comparisons, we primarily focus on these two models and
their extensions. This choice is justified by the fact that Dual- and
Ternary-Gaussian models have demonstrated strong adaptability
and robustness across a wide range of target selection tasks, making
them a solid foundation for further development. Therefore, despite
the focus on these models, our approach provides a reasonable and
scalable solution for modeling endpoint distributions in various
task scenarios.

Third, our model lies in its reliance on an automated search
process, which makes it highly dependent on data quality. This
dependence can lead to the inclusion of terms that lack practical
interpretability (e.g., 4th-order terms) or are inconsistent with es-
tablished findings from prior research (e.g., WV in this study differ
from W /V proposed in Ternary-Gaussian Model [27]). Such issues
pose challenges, particularly in modeling scenarios where inter-
pretability is a key requirement. To address this limitation, one
potential solution is to incorporate theory-driven constraints on
the model’s functional forms. Since users in these scenarios are
often researchers with domain knowledge, it is feasible to prede-
fine or place strict constraints on the range and form of attribute
terms. This approach may limit the model exploration space only
to new attributes while enhancing the interpretability of existing
attributes.

A further limitation of our framework is that it can only search
over parameters that were explicitly instrumented and logged in
the original experiment. In practice, this means that the hypothesis
space explored by the N-ary Gaussian pipeline is bounded not only
by the chosen function set, but also by the experimental logging
scheme: unrecorded factors cannot appear in the resulting models,
except indirectly through their correlations with logged variables.
In the future, studies that intend to use automated model search
should be encouraged to log a richer set of task- and context-level
attributes, so that the resulting models can more fully capture the
key features of endpoint distribution.

7 Conclusion

This paper introduced the N-ary Gaussian Model, an automated
approach to describe endpoint distribution across various pointing
tasks. We evaluated the model through a benchmark comparison
with published models, examining its performance across various
scenarios. Our results demonstrated that the model’s generalizabil-
ity across a range of task settings outperforming white-box base-
lines, and keeping competitive accuracy comparing with black-box
models while using fewer parameters. It further contributes to the
field by explicitly incorporating cross output device, input modality,
and temporal constraint factors into spatial pointing uncertainty
modeling, thereby offering new insights into spatial-temporal target
selection. This work opens avenues for future research in complex
interaction environments such as virtual reality and multimodal
systems. This work opens avenues for future research in complex
interaction environments where modeling demands are particularly
high, especially in scenarios characterized by numerous interacting
factors that traditionally require extensive domain knowledge to
model accurately.
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A Velocity Coordinate System

The velocity coordinate system serves as a bridge integrating both
dynamic and static factors, ensuring that the static and dynamic
models share the same structural form by using a velocity-based
local coordinate system [27]. We have applied this approach in
our N-ary Gaussian model, where the local coordinate system is
defined with the x-axis tangent to the direction of target motion
and the y-axis perpendicular to it. Specifically, for a target moving
in direction 6, the endpoint [x,y]7 indicated by the user in the
world coordinate system is transformed as follows:

x"| | cos(=0) sin(=0)| (|x tx
i (S ol

Equivalently, this can be rewritten as:

- (][

where [x’,4']7 represents the transformed endpoint position,
and [tx, ty]T] is the center coordinate of the target when the user
lands on it.3

cos(f) —sin(0)
sin(6)  cos(0)

), (17)

3In practice, for one-dimensional target selection tasks, the rotation matrix described
above can be applied to convert coordinates into a single x-axis data. This approach
allows the focus to remain solely on the x-axis during the subsequent modeling process.
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B Specific Running Example

To illustrate how the proposed pipeline operates in practice, we take
a 1D static target selection task as an example. This task involves
two task attributes: target width W and the distance between start
button and the target A. Our goal is to automatically construct
models for the Gaussian parameters jy and oy of the endpoint
distribution (X ~ N (g, 62)).

Step 1: Gaussian Components Automatic Generator. In the multi-
Gaussian framework, the endpoint distribution is modeled as a
sum of latent Gaussian components, each associated with a specific
task attribute or an interaction between attributes. The Gaussian
Components Automatic Generator first maps task attributes to
Gaussian components. For the 1D static target selection task, our
model construct one component Xy, associated with W and one
component X4 associated with A for both yy and oy (follow Eq. 7),
and construct an interaction component Couv(W, AV) for oy to
capture their joint effect:

pe = pw + pa = fi(W) +g1(A),
0% = %, + 05 + Coo(W, A) = fo(W)* +g2(A)* + hy(WA).
Each f(-) and g(+) is a single-attribute term, h(-) is an interaction
term. The mappings f(-) and g(-) are instantiated using the func-
tions in Table 1, and h(-) is calculated following Eq. 8. We define the
candidate function pools for W, A, and their interaction as follows:

Fw = {W, W2, 1/W, logy W, },  f() € Fv,
Ga={A A% 1A log A}, g() € G,

Hiwa = { W?A%, W2A, W?A™L, W2A™2, )Y, h() € Hia.

Through the above procedure, we complete the transition from
task attributes to instantiated model terms: the multi-Gaussian
framework first links each attribute to a conceptual component
(Xw, X4, and Cov(W, A)), and the function pools then turn each
component into a specific term (Table. 5). Once a function is selected
from each pool, Xy, X4, and Cov(W, A) are realized as specific
terms, and i, and o2 in Eq. 7 become sums of these instantiated
terms, which will be further estimated and selected in the subse-
quent steps.

Step 2: BIC-based model selection. With the function pools defined
in Step 1, we next decide which specific forms should be used. We
exhaustively enumerate all valid combinations of terms from Fyy,
Ga, and Hyy 4, fit the corresponding coefficients to the observed
endpoints, and compute the BIC value for each candidate using Eq.
10. The combination that yields the lowest BIC is retained as the
optimal choice, giving a specific functional form for yi, and o2 (Top
5 models ranked by BIC see Table. 6), which is then passed to Step 3
for Shapley-based term filtering.

Step 3: Shapley-based term filter. After Step 2, the BIC-based
selection has fixed the specific functional forms of y and 2. In
this step, we quantify how much each instantiated term contributes
to the overall model using Shapley values. Each non-constant term
is treated independently. The final form of , and o2 obtained in
Step 2 is

fx = o+ W+ a2A, 0 = ap + W+ ay [loggA]2 +asWA.

Hao Zhang et al.

Table 5: Examples of function pools for , and o2.

Index Candidate term combinations for

ag +a W

ag + a1 W + agA

ag +a W+ 0{2A2
ap+ oW +azlogy, A

B W DN =

33 a+a W2+ log, A
34 g + 0(1W72 + 0{2A71
35 ag + 0(1W_2 + 0{2A_2

Index Candidate term combinations for o2

ao + a1W2

ap + g W2 + oA + a3 W2A?
ay + 0[1W2 + a2A2 + {Z3W2A1
ay + 0[1W2 + szAz + 0(3W2A71

[N O SR

558 g+ oW+ AT+ asW2AL
559  ag+ oW+ apATd + asW2ATE
560 ap + 0(1W_4 + (ZgA_4 + Oth_zA_z

Table 6: Top-5 models ranked by BIC for 11, and 2.

Index Top-5 BIC for py Top-5 BIC for oy

ap + 0(1W4 + a2 [l0g2]2 +a3sWA
ag + (X1W4 + 0{2A2 +asWA

o +(Z1W+0{2A72 [24)) +0(1W4+0{2A4+0(3WA

a0 +0(1W+0{2A2 o +0(1W4 +O(2A_2 +asWA

a0+ oW +azlogy, A ap + W+ ap A2

oy + W + agA
oo+ W+ 0{2A71

[ O R R

Following Eq. 11, the contribution of each term for piy is: ¢y
= 96.277%, ¢A = 3.990%; the contribution of each term for oy is:
$us = 80.358%, P[10g,4]2 = 15.651%, $wya = 3.991%. Terms whose
normalized contribution is below 5% (i.e., A in pix and WA in oy)
are removed, yielding the final simplified endpoint model:

Hx = o+ W, ox = ap + W+ ay [long]Z.
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